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Microstructures: Diffusion in Interfaces
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librium isothermal processes. The theory is applied to steady diffusion across lig-
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structure, stress, and isothermal transport in systems containing interfaces.
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SCOPE

Many key problems in chemical engineering revolve around
processes that occur in interfacial regions. Adsorption, catalysis,
corrosion, detergency, distillation, flocculation, foaming,
humidification, membrane transport, and porous media pro-
cesses are a random sample from a long list (Treybal, 1980).
Fluid-solid and fluid-fluid interface processes are both repre-
sented frequently in this long list, and in many respects they may
be treated similarly.

Much of the chemical engineering literature on interfacial
transport phenomena treats interfaces as two-dimensional
surfaces. Mathematical analysis using this simple idealization
requires further assumptions about concentration profiles in
the neighborhood of the interface. In particular, “jump” con-
ditions connecting bulk solute concentrations and fluxes on the
two sides of the “surface” are typically applied. These condi-
tions rest on the assertion that, right at the “surface,” the two
phases in contact are in equilibrium, or, in other words, that the
species chemical potentials are continuous across the “sur-
face.”

Our objectives in this article are first to study in more detail

using a powerful, versatile, and currently rapidly evolving,
statistical mechanical molecular theory of inhomogeneous
fluids, the nonequilibrium concentration profile in interfacial
region. This model, which we term gradient theory, does not
treat the interfacial region as a surface, but rather makes com-
plete predictions about density profiles across the region. The
present work is the first application of gradient theory to non-
equilibrium situations. We are thus able to discuss the validity
of the classical equilibrium jump condition in quantitative
terms.

A second major question addressed is the utility of trying to
improve on the simple two-dimensional singularity picture of
the interfacial region by superimposing a spatially varying po-
tential field over the region containing the (still singular) surface,
as has been suggested in several recent works (Leal and Brenner,
1977; Brenner and Leal, 1978; Shaeiwitz and Raterman, 1982;
Larson, 1982).

The theory as presented is well suited for many practical
applications, such as membrane and porous media transport or
in the dynamics of separations processes.

CONCLUSIONS AND SIGNIFICANCE

Molecular theory calculations of mass transport across a
liquid-liquid interface via gradient theory lead to the conclusion
that even for very high rates of interfacial transfer there is very
little perturbation of the concentration profile from that ob-
tained under equilibrium conditions. This lends very strong
support to the traditionally used but difficult to assess as-
sumption of interfacial equilibrium in mass transfer between
phases.

Regarding our examination of the idea of representing some
of the nonlocal effects of the interfacial region by some sup-
posedly known potential field, our conclusion is that this is not
a very useful picture. In fact we have shown here, via our gra-
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dient theory analysis, that there is no true, predeterminable,
molecular potential that can represent the interface. There is
a quantity that plays the role in the theory of an apparent po-
tential but depends on temperature and bulk compositions of
the contacting phases. Several computed density and micro-
structural potential profiles are given to illustrate these
points.

Of most significance in this work is the theory itself, which
we feel is quite practical and applicable to a wide range of in-
terfacial transport problems where more rigorous and detailed
means of analysis are useful.
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INTRODUCTION

Traditionally in engineering applications interfaces are treated
as two-dimensional surfaces, films or solids as thin layers of phase,
microdrops as spheres of phase, etc. Whereas such an approach may
be quite adequate given the proper phenomenological inputs, it
ignores the fact that interfacial zones are actually regions of non-
infinitesimal width and of continuous density or composition
variation, and it provides no insight into the molecular structure

" of interfacial zones or into the mechanisms of transport operative
there. During the last two decades, however, a great deal of
progress has been made in the equilibrium statistical mechanical
theory of the structure and stress in fluid microstructures. A fluid
microstructure is a region in a fluid in which component densities
vary appreciably over molecular distances. Examples of fluid
microstructures include fluid-fluid interfaces, fluid-solid interfaces,
multiphase contact regions, thin films, drops and bubbles, micelles,
liquid crystals, and vesicles and bilayers.

Especially potent has been gradient theory, a molecular theory
highly receptive to the kind of semiempirical modeling that has
proven so powerful for engineers in modeling phase behavior of
real multicomponent fluids. The main purpose of the present paper
is to extend gradient theory to nonequilibrium isothermal processes
in fluid microstructures. By way of illustration, the theory is applied
to steady diffusion across a planar liquid-liquid interface. Some
aspects of the theory are compared and contrasted with both some
older and some more recent treatments of interfacial mass transport
situations of interest to chemical engineering,

GRADIENT THEORY OF EQUILIBRIUM MICROSTRUCTURED
FLUIDS

In inhomogeneous fluids the Helmholtz free energy and,
therefore, the chemical potentials of the components of an inho-
mogeneous fluid are functionals of the component density distri-
butions. Although exact formal expressions of these functionals have
been derived (Yang et al., 1976; Fleming et al., 1976) from statis-
tical mechanics, they are impractical without approximation.
Gradient theory, an approximation having its roots in the early
works of Lord Rayleigh (1892) and van der Waals (Rowlinson,
1979), has been much applied in recent times to the investigation
of spinodal decomposition (Cahn, 1965; Nakanishi and Pincus,
1983), the behavior of surface and interfacial tension (Bongiorno
and Davis, 1975; Carey et al., 1978; McCoy and Davis, 1978; Sahimi
et al,, 1981), wettability and contact angle phenomena (Teletzke
et al., to appear, 1981; Benner et al., 1981), the formation of fluid
microstructures such as films (Teletzke et al., to appear, 1981; Davis
and Scriven, 1981), periodic structures (Davis and Scriven, 1981),
drops and bubbles (Falls et al., 1981), and multicomponent polymer
systems (Poser and Sanchez, 1981; Klein and Pincus, 1982).
Comparisons between tensions predicted by gradient theory and
tensions obtained from experiment (Carey et al., 1978a,b), from
computer simulation (Bongiorno and Davis, 1975; McCoy and
Davis, 1978), and from integral models designed to mimic the
rigorous functional equations (Falls et al., 1981) indicate that
gradient theory provides a good quantitative approximation for
inhomogeneous, microstructured fluids.

In its modern form (Yang et al., 1976; Davis and Scriven, 1981;
Bongiorno et al.,, 1976), the Helmholtz free energy of gradient
theory is

- f

where r denotes position in the fluid, n the focal set {ny, ..., n,}
of component densities, V the gradient operator, uf{ the external
potential energy (e.g., from gravity or from solids contacting the

1. v
fo(ﬂ) + '2' Zj CHVTH . an + ; n,uf dsl', (1)
i,
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fluid), f,(n) the Helmholtz free energy density of homogeneous
fluid in the density state n, and the ¢4y are known as the influence
parameters of inhomogeneous fluid (c; = c). The quantity 1/2
(21,464 Vny Vny) is the free energy density of inhomogeneity.

Equation 1 can be rationalized in the following way. In the ab-
sence of external fields and compositional or density inhomo-
geneities, the Helmholtz free energy density is f,(n). Intermo-
lecular interactions between species ¢ and § make a contribution
to fo of order uynyng, where uy is a characteristic interaction en-
ergy. The factor 1/2 nyn; is a measure of the number of interacting
pairs in homogeneous fluid of those component densities. If the
fluid is inhomogeneous at position r, then the number of interacting
pairs in that neighborhood must be corrected by some amount
1/2(Any0n;). An estimate of dn, is r;Vn,, where r;; is the range
of the intermolecular force between i and j. It follows heuristically
then that the local Helmholtz free energy density of inhomo-
geneous fluid should include a correction for the inhomogeneity
of the form 2y, 1/2¢Vn,-Vn; (plus higher-order terms we shall
henceforth ignore).

We see that the influence parameters should be proportional to
uyrf;. More rigorously, the influence parameters are related to
homogeneous fluid structure through the formula (Yang et al,,
1976; Cahn, 1965)

oy = ’%T stC?,(s;n)d“s, )

where k is Boltzmann’s constant, T the absolute temperature, and
C?,(s; n) the direct correlation function of homogeneous fluid in
the density state n. The direct correlation function is an integral
transform of the more familiar pair correlation function

gi(s;:m):
CHils) = giits) — 1

- énk f[g?,(ls’ - s|) = 1]C(s")d%. (3)

This transform was introduced by Ornstein and Zernicke (1914)
to remove the many-bodied long-range part of the pair correlation
function. At largess, C{j(s) approaches (March, 1976) —uy(s)/kT,
uy; being the pair potential between molecules of species i and j.
Thus, kTCY, is asymptotically independent of fluid temperature
and density state, a property causing the influence parameters to
depend only weakly on temperature and density state. To the ex-
tent that kTC can be approximated by —uy;, ¢;; has the form ar-
rived at heuristically in the argument given above. The formula
given in Eq. 2 is based on the assumption that the C{j exist at all
fluid compositions in the microstructure. There is some evidence
that the assumption may be false for some unstable fluid compo-
sitions (Kerins et al., 1984), in which case the theory of the influence
parameters ¢y is more complicated. The influence parameters,
nevertheless, can be regarded as microstructural parameters to be
fitted to semiempirical or empirical expressions using interfacial
tension and adsorption data.
At equilibrium the grand potential, €,

Q=F -3 y fndsr, 4
7

is a minimum in closed system. The chemical potential, y;, plays
the role of a Lagrange multiplier accounting for the constraint that
N; = fnyd®r is fixed for a closed system. It is a straightforward
exercise in variational calculus to show that the necessary condition
that a given density state n(r) be 2 minimum of Q is (Davis and
Scriven, 1981; March, 1976)

1k
wo=uf+ pdm) =X V- (cyVny) + 3 > Qe Vny - Vg,
1 ki ony
{5)
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fori =1,..., », where ul(n)is the chemical potential component
i in homogeneous fluid in the density state n. At equilibrium g, is
constant and Eq. (5) is a set of nonlinear partial differential equa-
tions determining the fluid microstructures allowed for a given set
of boundary conditions. Equation 5 is the Euler equation set for
the functional Q. Stability of a given microstructure must be es-
tablished by considering the second variation, i.e., the Jacobian
equations, of .

For some solution models, such as the regular solution and
Flory-Huggins models, the fluid component densities obey con-
straints such as 2;n,0; = 1, where the v; are molecular volume
parameters. With such a constraint the condition for stable ther-
modynamic equilibrium in a closed isothermal condition is that
the quantity

Q—AS o fnd®r (6)
1

be a minimum, where X is a Lagrange multiplier. The Euler
equation for the extremum of Eq. 6 is

M = Uf + ﬂk? - ‘Ui>\ - Z!: v. (c,jan)

+ 52 %y yny (7)
1.k 2 bn,
fori =1, ..., v. A can be eliminated by multiplying the Ith
equation by v;/v; and subtracting it from the ith to obtain

v Uy %
o= =uf = 2l + pf == pf
L} LY} L}
Uy
-2v- I((c,j - ——clj)an]
v

> (%5 - @%) Un; - onk, (8)
FE\on; v oy

fori=1,...1—1,1+1,...» These v — 1 equations plus the
constraint equation Zin;v; = 1 govern the allowed microstructures
in mixtures with such a deusity constraint.

The theory as outlined thus far is for nonionic fluids. If charged
particles are present, then gradient theory, with the approximation
that the local dielectric constant equals the dielectric constant
e2(n(r)) of homogeneous fluid in the local density state n(r),
yields

1 oc
= uf + p(n) =X V- (cyVny) + X == Un,;.
] k2 ony
1 o€®
+zey ———— E% (9
ey 87 on 9)
where z; is the valence of the ith component, e the unit electronic
charge, | the local voltage, and E = —Vy the local electric field.
The local voltage obeys the equation of electrostatics

V- (€oVY) = =47 Y zieny. (10)
1

GRADIENT THEORY OF TRANSPORT IN ISOTHERMAL
MICROSTRUCTURED FLUIDS

The continuity equation of species { in a ¥ component system
is
on
a—t‘+ Ve{ngym)y=-v-J, 11
where t is the time, v™ is the local molar velocity, and J; the molar
diffusion flux of component 1.
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The quantity v™ is related to the local mass average velocity v

by
v = v =% md [T many (12)
i i

where m; is the molecular mass of species .

According to linear transport theory (linear in field variables)
(de Groot and Mazur, 1962), the diffusion flux for small gradients
in chemical potentials is given by the equation

Jo== % Ly Vi (19)

where L are the local Onsager coefficients. These coefficients are
symmetric, i.e., Ly = Ly, and are second rank tensors, because an
inhomogeneous fluid is anisotropic. The local anisotropy derives
from gradients in local density and so the most general form of Ly
is

L{j = Lth-‘l- kgl L‘jkVVnk + sz—l LuHVnka, (14)

where the coefficients Ly, Ly, and Ly are scalar functions of the
density distributions. The coefficients do not depend on gradients
of local flow velocities, since the theory herein is limited to first
order in tranisport driving forces. In conventional applications of
linear transport theory one assumes that the y, are the local equi-
librium chemical potentials. We shall assume this to be true also
when fluid microstructures are present in the system. As an ex-
ample in a later section suggests, the local equilibrium hypothesis
is probably more accurate in the region of a fluid microstructure,
where strong forces of inhomogeneity (gradient contributions to
the chemical potential) dominate, than in the bulk fluid where it
is traditionally used.

The conservation condition Z; J; = 0 on diffusion fluxes implies
the condition

From this result and the symmetry of Ly it follows that Z; LV
= 0, and, consequently

Ji=- ; Lij- V(py — wp). (16)

This form is especially useful for strictly regular solutions (v; = v,
i=1,..., ), the binary case of which we shall study in subsequent
sections.

To put the diffusion flux in a more revealing form, we introduce
here the microstructure potential V; of the jth component of the
fluid. It is by definition

Vi = uy — puin) — ul. (17)

w; is the chemical potential of species ], u$(r) the external potential,
and pf(n(r)) the chemical potential of j in homogeneous fluid at
composition ny(r), ..., n,(r).
For gradient theory
Vi=— S Ve lepVn) + S8 U, (18)
k k12 ony

The microstructure potential gives rise to the unusual diffusion
behavior in spincdal decomposition studied by Cahn (1965).
Combining Egs. 16 and 17, we obtain the basic transport equation
for microstructured fluids:

Ji=- % Dij . an - 2; Lij . V(Vj + u?), (19)
where Dj; is the diffusion tensor defined by
- oui
D, = —_=,
7] Zk: Ly =y (20)
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To apply Eq. 19,the Onsager coefficients Ly, Ly, and Ly must
be known. This is not the case presently. However it is known that
fluid diffusion and viscosity coefficients are dominated by short-
range forces (Alder and Wainwright, 1970; Alder et al., 1974, Chen
et al,, 1981). From this fact, we believe a reasonable approximation
to examine is to neglect Ly and Ly and equate Ly to L{)(n), the
1j Onsager coefficient of homogeneous fluid at the local density
n. In the applications to follow we make this approximation, ac-
cording to which

I{ = —D?]an - zj: L?IV(VJ + ui). (21)

At this point one cannot rigorously go beyond this approximation,
since there is presently no theory of transport coefficients in mi-
crostructured fluid. This is the approximation, incidentally, on
which the theory of spinodal decomposition is based (Cahn,
1965).

In some works (Leal and Brenner, 1977; Brenner and Leal, 1978;
Larson, 1982; Shaeiwitz and Raterman 1982) it has been assumed
that the fluid microstructure potential V; is some known function
of position rand that it can be used to compute density distributions
for a given transport situation. However, V; is itself a functional
of the component density distributions and as such will depend in
general on temperature, pressure, and the boundary conditions of
each problem. We shall return to this point later.

1f the fluid is ionic, to V; in Eq. 17 or 18 must be added the ionic
contribution, an approximation to which has been suggested in the
form (Davis and Scriven, 1981)

Loy — L2 po

Vi=zed 87 o, E2 (22)
The term z;ey is the energy to move a charge z;e from a voltage
of zero to one equal to ; the other term is the energy of fluid
electrostriction, ¢2 being the dielectric constant of homogeneous
fluid of local composition. The problem with this approximation
is that, like the transport coefficients, the dielectric constant of
inhomogeneous fluid is not known.

The gradient theoretical pressure tensor in equilibrium micro-
structures is of the form (Davis and Scriven, 1981)

P=Po(m)I + X [IfP nVVn,j + I (Vn,)(Vny)
1

+ I n, V2 I+ I (Vn)) - (Vn)I), (23)

where P,(n) is the pressure of homogeneous fluid in the density
state n and the [{}’ are functions of the density state n that deter-
mine the magnitude of the density gradient contributions to the
local pressure state. The general formulas for the l§f‘) are quite
unwieldy (Davis and Scriven, 1981) and require for evaluation
second-, third-, and fourth-order correlation functions, which are
not available even for the simplest fluids. However, the form of the
pressure tensor consistent with constant influence parameters is

I} - (29

Until more reliable estimates of the l,‘;") become available, Eq. 24
is our preference for estimating the pressure tensor. Alternatively,
structure models (Carey et al., 1978a, 1978b} can be used to esti-
mate the [{.  To complete the transport theory of isothermal
microstructured fluids we need the momentum balance equa-
tion:

1
P= Po(n)l - ‘2‘ ZC{]{
.1

2[n‘Van - —Zl—VngVn,]

1
n,Vzn, - 5 (Vn,) . (Vn,)

d
pd—:=—-V-P+ V.1 + 3 mnVul. (25)
[
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v is the local mass average velocity, p the local mass density, p =
2ymyn;, and T — Pthe local stress tensor. With the local equilibrium
assumption P is the local microstructure pressure tensor given by
Eq. 22 or 24 in gradient theory. According to linear transport theory
of an anisotropic fluid,

T=MVy, (26)

where Mis a fourth rank viscosity tensor and the two dots between
M and Vv denote a double contraction. In general M has an iso-
tropic part and additive terms proportional to the second- and
fourth-order derivatives of the component densities VVny,
Vn;Vng, YnVVnyg, ..., Vn;VneVnVn,,. In gradient theory,
terms of higher than second-order in component density gradients
are neglected. In this case M is of the form

in, on,on
A A A A ) i @ i s
K,)\z’;,ﬂ €£6X6,€, ; MK)‘,,,, bx,,bxu + %j: Mdm%;:]
(27)
where M is an isotropic tensor functional and M, and M & are
scalar functionals of the component density distributions. é, and
x, are the unit vector and component of rin the vth direction.
Equation (27) brings us once more to the burning need for
transport coefficients of microstructured fluids. For those wishing
to exploit the theory presently, we agaion intuitively appeal to the
dominant role that short-range forces play in the transport coef-
ficients (alder et al., 1974) of Newtonian fluids and recommend
that M be approximated by MJ, the transport coefficients of ho-
mogeneous fluid at local composition. The result is

M= M; +

() = [Na0) = wla(e)| K9 - ¥) = Wl )Ty + (T0)7)

(28)

where »(n) and u(n) are the viscosity coefficients of homogeneous
fluid at composition n.

This completes the elements of the theory for isothermal pro-
cesses. For nonisothermal processes, an energy balance equation
must be added. In the remainder of the paper, we shall discuss a
few simple questions regarding diffusion at planar interfaces.

EQUILIBRIUM PLANAR INTERFACE OF A BINARY REGULAR
SOLUTION

We consider a binary regular solution in which 07! =v3' =1n
= constant. Thus, this is a solution model with a density constraint,
and the mole fraction ¢,(= n1/n) of component 1 is the only in-
dependent compositional variable. The chemical potentials of the
model are (Prigogine and Defay, 1965)

ud(@1) =w(d — ¢1)2 + kT In ¢y (29)

and

u3(d1) = wef + kT In(1 — ¢y), (30)

where w is a characteristic energy parameter. The bulk composi-
tions ¢% and ¢f of coexisting phases « and (3 are determined by the
equilibrium conditions

u3(8%) = uY(8h),
from which it follows that
In[¢f/(1 — ¢9)] = (w/kTX1 — 2¢%), (32)

#f = 1 — ¢%. This equation has a two-phase solution for any tem-
perature T below the critical point T, = w/2k. The tempera-
ture-composition phase diagram of the binary regular solution
given in Figure 1.

u3(85) = ud(eh), (81)
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Figure 1. Temperature-composition phase diagram
of a binary regular solution.

We assume u§ = 0 and that the ¢;; are constant. Eq. 8 then be-
comes
42

1y — e = ul(d1) — u(¢1) — né ey (33)

where
¢=cy1 + co2— 2012 (34)

The mole fraction profile ¢;(x) in the planar interfacial zone is
found by solving Eq. 33 subject to the boundary conditions ¢; —
$%asx — — and ¢, — ¢f as x — . Equation 33 can be solved
by quadrature. The result is

%’ o1(x)  dey
=4/Z L, 35
¥ \/2 .j;l«» V(g (35)
where

Aw(e) = g[pf(dF) ~ pNd1)] + (1 — 1) (@) — (b)) (36)

For convenience, we have assumed ¢§ < ¢f and picked the origin
of the coordinate system inside the interfacial zone. Since interfacial
zones are only tens or hundreds of angstroms wide except near a
critical point, V:(x) will be approximately equal to ¢f at quite small
values of x. This is illustrated by the predicted profiles in Figure
2. The origin of the coordinate system is placed at the midpoint
composition, ¢1(x = 0) = 1/2 (¢§ + ¢§) = 1/2. The interfacial
width is of the order of a few multiples of v/ &/w, even within 5%
of the critical temperature. As the quantity v/&/w is of the order
of a molecular diameter, it is clear that interfacial widths are no
more than a few hundred angstroms except very near the critical
point [sufficiently near the critical point the interfacial width be-
comes infinitely wide according to the asymptotic formula (Fisk
and Widom, 1969; Huang and Webb, 1969)), I = [,/|1 — T/
T.}962 I, a length parameter of the order of a molecular diam-
eter).

STEADY DIFFUSION ACROSS A PLANAR INTERFACE:
BINARY REGULAR SOLUTION RESULTS

We are now prepared to examine the effect of diffusion on the
interfacial composition profiles. Detailed results are presented for
steady diffusion in a binary regular solution, but guided by these
results we can draw some rather general conclusions concerning
diffusion across interfaces. We shall examine steady equimolar
diffusion in which v = 0, J; is constant, and so
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Figure 2. Intertacial composition profiles for component 1 of a binary
regular solution at equilibrium for two reduced temperatures,

2/3 and 0.95.
=L 4 (1 = po) (37)
1 12 dx My — U2
To the order in composition gradients kept in gradient theory
2 2
Lh=1g+a (%) 540, (@8)
dx dx?

when L,, A and B are functions of ¢;(x). From purely dimensional
considerations it follows that A and B re of order Ly/2, where [ is
a molecular correlation length. This is all one can really claim at
this point, since there is no theory for these quantities. Thus, further
assumptions must be made in order to proceed. The simplest as-
sumption is that the terms involving A and B are negligible (an
assumption that we argued in an earlier section is supported by the
fact that the diffusion coefficient is determined primarily by
short-range forces) and that L¢, is constant. Generally L, will not
be constant. However, putting realistic concentration dependence
in L{; would merely add mathematical difficulty without changing
the qualitative results. In what follows, we examine in some detail
the implications of Eq. 37 with constant LY. Then, from insights
gained from these implications, we argue that a more realistic
approximation to Eq. 38 will lead to similar conclusions. With
constant J; and L), Eq. 37 integrates immediately to

ul—uz=%E+K, (39)
12
which with Eq. 33 yields the following profile equation:
L d? 0 0
s G2 = o) — o) ~ 12 4 K. (40)

Outside the interfacial zone, the derivative d¢/dx of the mole
fraction is of the order of ¢,/L (where L is the macroscopic di-
mension of the system in the x direction) and therefore the term
néd2dy/dx? is of the order of (né/L2)¢;, a completely negligible
term in Eq. 39 compared to u§ because né is of the order of kT
times the square of the range of intermolecular potential. Thus,
outside of the interfacial zone the composition profile is determined
by the equation

0= uf(e) — ue) - 1 4 K, (1)
Ly
whereas in the interfacial zone Eq. 40 must be solved.

If we consider situations in which ¢;(x) < ¢$(¢$ being the mole
fraction in equilibrium coexisting phase a, Eq. 32), to the left of
the interfacial zone and in which ¢1(x) increases with x, then ¢;(x)
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Figure 3. Interfaclal composition profiles for component 1 of a binary

regular solution with steady, dimensionless diffusive fluxes of 0

(equilibrium), 10~ (normal), and 10~ (extremely large) at a reduced
temperature of 2/3.

has to pass through the value ¢f at some point. We place the origin
of the coordinate system at this point, i.e., ¢;(x = 0) = ¢¢. Com-
puting K from Eq. 40 at ¢; = ¢§ and substltutmg the result into
Eq. 39, we get

4%

e 8 = i) = SO0 — (o) + g0 — L2+ (42)

With the dimensionless variables

DIvné/w

=xvw/né, J= (48)
Ljsw
and the regular solution formulas for }L { and u3, Eq. 42 becomes
d®pr _ ., T d’l)
dE? =¢f— 1 + 2Tcl ] J¢ (44)

We have solved Eq. 44 numerically by flmte differences with
the boundary conditions

d¢y

(J1/L1g)
¢1 dx x

= (45)
{bqﬁ [u(d1) — ﬂ2(¢1)]]

Results for the temperatures T/T, = 2/3 and T/T, = 0.95 are
shown in Figures 3 and 4 for a moderate flux condition, J = 1075,
and an extremely large flux condition, ] = 10~% Note that the
origin has been shifted in order to compare more easily the diffu-
sion profiles with the equilibrium profiles. The results are presented
in dimensionless form, requiring assignment of values of the pa-
rameters of the model. For this purpose we have estimated Lo
from Lyp ~ nD/2kT, with the liquidlike data n = 1022 mole-
cule/cm®, D = 1075 cmz/s, 2kT = 10™18 erg/molecule. This yields
L3 = 10%0s/cm®. A moderate flux for this system would be J =
nD/L with L = 10 cm, which gives J; = 10!% molecules/cm?-s.
Finally, we set w = 2kT, = 10713 erg/molecule and v/né/w =
10~7 cm, values appropriate for small molecule fluids, and estimate
a moderate dimensionless flux to be J = 1078,

At the moderate flux level the composition profiles in the in-
terfacial zone are indistinguishable from the equilibrium profiles;
and they differ very little from the equilibrium profiles even at the
unrealistically high flux level (Figures 3 and 4). This result, which
arises from the fact that J£ is extremely small for £ of the order of
the width of the interfacial zone, justifies the assumption of equi-
librium partitioning across an interface that is usually made in
analysis of mass transfer across the interfaces.

Pi(x=0)=
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Figure 4. Interfaclal composition profiles 1 of a binary regular solution
with steady, dimensionless diffusive fluxes of 0 (equilibrium), 10~8
(normal), and 10~* (extremely large) at a reduced
temperature of 0.95.

STEADY DIFFUSION ACROSS A PLANAR INTERFACE:
GENERAL RESULTS

From studying a binary regular solution, we have found that
interfacial composition profiles vary little from equilibrium when
diffusive fluxes are present. The general validity of this conclusion
follows from dimensional analysis of the gradient theoretical
equations. We rewrite the planar flux equation in terms of the
dimensionless variables é; = cyj/cr, i = wi/kT, Ly = Ly/Lg, and
iy = nyop, where vg, cg, and Ly are the molecular volume, influ-
ence parameter, and Onsager coefficient of a reerence system:

.~ df. d dnix
Zj:LU dx[uj uRkT de rn dx
Qcudigdi) _ _ Ji
Zkl ony dx dx LgkT (46)

If the convection velocity is not zero, then J; must be replaced by
Ji + nyo, and the steady state version of Eq. 21 must be solved
along with Eq. 46. For zero Reynolds number one-dimensional
flow, Eq. 46 becomes Py = constant, where Py is the component
of Pnormal to the interface.) In the “bulk region” outside the in-
terfacial zone, the quantity di;/dx is of the order of L~3, L being
the length of the system in the direction of diffusion. Thus, in the
bulk region the microstructure potential terms in Eq. 46 are of
order cg/(L2vgkT). Since I,y = +/cg/vrkT is a microscopic length
of the order of magnitude a molecular diameter, the microstructure
potential terms are totally negligible (~0(/,,/L)?) compared to i5.

So, in the bulk region, the approprlate diffusion equation is

XLy g wilm) = =) (47)

On the other hand, inside the interfacial region, dii;/d { is of the
order of unity, where & = x/+/cr/orkT. Equation 46 can be ex-
pressed in the form

di) | 1 odudidi] _ _
ZquE[ﬂj df(jk df) 2kZanj df dE Ji,
(48)

where J; = (J; \/ca/vrkT)/LrkT. The range of £ across the in-
terface is of the order of 10, and for physically realistic fluxes J; is

of the order of 10~8. Thus, the quantity J;£ is negligible for the
change of £ across the interface, from which it follows that
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Figure 5. Microstructure potentials for a binary regular solution with
a steady, dimensionless diffusive flux of 108 at two reduced tem-
peratures, 2/3 and 0.95.

d dny
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1 dcu dmy dry

277 ony dx dx

in the interfacial zone. As this is the equation for an equilibrium
interface, it completes the proof that it is a good approximation to
assume that the component density distributions across a planar
interface are those of an equilibrium interface even in the presence
of steady diffusion. From the dimensional analysis upon which this
assertion is based, it will also be valid for curved interfaces if the
radii of curvature are large compared to the interfacial width. It
will also hold in transient problems when the composition changes
in bulk are slow compared to molecular rearrangement in the in-
terfacial zone. This will usually be the case because the interfacial
width is so small compared to the length of the system.

A convenient way to find the component density profiles in the
presence of an interface is to solve Eq. 47 in the regions x,, < x <
0and 0 < x < xg using given compositions and fluxes at the ends
xq and xg. On the macroscopic scale the interface is located at x
= 0 and the component densities n* and nf at x = 0— and x = 0+,

= constant  (49)

Figure 6. Dimensionless microstructure potentials for a Peng-Robinson
CO, (component 1)-decane (component 2) fluid at 7°C.
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Figure 7. Dimensionless microstructure potentials for a Peng-Robinson
CO, (component 1)-decane (component 2) fluid at —25°C.

respectively. n® and n® are determined by the chemical equilib-
rium conditions

wine)=pdnf), i=1,...,» (50)

and the mechanical equilibrium condition
Po(na)=Po(nB) = Pn. (51)

This condition is to be added to Eq. 50 follows from dimensional
analysis of the momentum balance equation. The mechanical
equilibrium condition is not enforced by the density-constraint
solution models described earlier. The interface is, of course, not
located by the conditions given at the boundaries. An iterative
procedure will be necessary to establish the position of the interface
and to find the equilibrium solution, n® and n, to Eq. 50 that are
consistent with the boundary conditions and the mass of each
component present. Once a consistent solution to Egs. 47 and 50
has been found, the interfacial component density profiles can be
found by solving Eq. 48 for an interface with limiting compositions
n® and nf on sides @ and 8. Since J; is so small for realistic fluxes,
the composition profiles in the interfacial zone will differ very little
from those obtained by solving the equilibrium equation, Eq. 48,
with the boundary conditions n = o and nf far from the interface.
The truth of this claim is exemplified by the computations reported
in Figures 2-4 for a binary regular solution.

MICROSTRUCTURE POTENTIALS

According to the arguments given above, the microstructure
potential V;, Eq. 17 of a planar interface is well approximated

by
V; ~ p9(n) — un(x)] (52)

where n(x) is determined by solving Eq. 33 with the boundary
conditions n(x) — n%as x —> —o and n(x) — pfasx — ©, n* and
n® being the solution of Eqs. 50 and 51 consistent with Eq. 47 and
the boundary conditions of the problem. For the binary regular
solution considered above the steady flux equation is

doy dVv,

=D, 4
J1 12 Lis ax

dx (53)

where
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Dlzsma‘iﬁlw(m) — u3(0)] (54)

and

_ 0

V, =
ICdx2

&~ (o) — ullnr(x)] — 69 + uJbi(x)]. (55)

In Figure 5, the microstructure potential is plotted vs. position
in the interface for a regular solution under the moderate flux
conditions of Figures 3 and 4. The actual potential (V| = éd2¢,/dx?
with ¢;(x) computed from the solution of Eq. 42) is indistin-
guishable from the approximate potential (V, = u(¢%) — u(x))
— uXeP) + pd(#1(x)) with ¢1(x) computed from the equilibrium
expression Eq. 35), a result verifying the validity of Eq. 52 (or its
equivalent for density-constrained solutions).

As a more interesting example, the microstructure potentials V',
and V3 are shown in Figures 6 and 7 for a Peng-Robinson fluid of
component whose parameters b; and a;; were adjusted to mimic
the COz-decane system (Falls et al., 1982). Also plotted are the
corresponding density profiles at the two temperatures studied.
The equation of state of a homogeneous Peng-Robinson fluid is
(Peng and Robinson 1976)

nkT
1—n

= —n?

0 5 na, (56)
where a = 2, nnjay/n? and b = Z;n,b;/n. Different curves of
V; vs. interfacial position resuit for each interfacial boundary set
n* and 1 of component densities. The particular set n* and p® will
be determined by the diffusion boundary conditions, but it will
correspond approximately to an equilibrium set obeying Eqs. 50
and 51. All of these examples are also a significant dependence of
the microstructural potential upon temperature. Thus, although
V;,(x) is not a true potential, since it depends on temperature and
boundary conditions, all its patterns of behavior for a given set of
components can be deduced from the interfacial profiles of all
possible pairs of equilibrium phases formed by the set of compo-
nents. The shape of the V; vs. x curve is governed by the topogra-
phy of the homogeneous fluid free energy density f,(n) in com-
ponent density space. The more the undulations of f,(n) along the
interfacial composition path, the more the undulations of one or
more of the V, vs. x curves.

In viewing the complexity of the potential profile that may arise
in situations such as Figure 7, one sees the practical difficulty in
any attempt to represent the interfacial region by a potential. One
cannot determine this potential in advance without a complete
calculation of the interface component density profiles at the
temperature of interest. In fact, the interfacial density profile must
be determined via the methods we have described here (or closely
related ones) in order to treat interfacial transport phenomena
satisfactorily.

CONCLUDING REMARKS

The theory presented in this article is, as it stands, really on a
basic framework for a wide range of potential applications to sit-
uations of chemical engineering interest. Examples of problems
to which it is being applied currently at Minnesota include poly-
mers in porous media and the dynamics of wetting of solids by
liquids. There is much room also for systematic improvements in
the theory, such as in the treatment of the transport coefficients
themselves in the interfacial regions.

Given a microstructure potential, the Brenner and Leal work
(1978) is a useful micromechanical model for the motion of a
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spherical body in an interfacial region. Our criticism here is simply
of the treatment of an interfacial zone as a sharp surface with a
known microstructure potential.
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NOTATION

a = parameter in Peng-Robinson fluid ¢ = 2, nin-
1a4/n*

b = parameter in Peng-Robinson fluid b = Znbi/n

cy = influence parameters of inhomogeneous ZIuid

& = dimensionless influence parameter &; = c¢;;/cr

Cy(sin) = direct correlation function of homogeneous fluid in
the density state n

CR = influence parameter of reference system

é = combined influence parameter for binary regular
solution & = ¢17 — 2c12 + €92

D, = diffusion tensor

e = unit electronic charge

éx = unit vector in direction k

E = local electric field

F = Helmbholtz free energy

fo(n) = Helmholtz free energy density of homogeneous fluid
in the density state n

gi(s;n) = pair correlation function of homogeneous fluid in
the density state n

I = unit tensor

] = dimensionless diffusion flux

L = molar diffusion flux of species i .

L = dimensionless diffusion flux of species i, J; =
(Jiv/cr/oRkT)/LrkT

k = Boltzmann’s constant

K = constant of integration

l = measure of interfacial width

I = function of density state n

In = microscopic length of the order of magnitude of a
molecular diameter

l, = length parameter of order of molecular diameter

L = macroscopic dimension of the system in direction
of diffusion

Lg = Onsager coefficient of reference system

Ly = local Onsager coefficients

Ly = scalar functional of the density distributions

Ly = scalar functional of the density distributions

L{in) = local Onsager coefficient of homogeneous fluid in

- density state n L

L% = dimensionless Onsager coefficient Ly; = Ly/Lg

Ly = constant

m; = molecular mass of species 1

M = fourth rank viscosity tensor

M; = isotropic tensor functional

n = set of local component densities (ny, . . .,n,)

n* = set of density components in phase « in equilibrium
with phase (3

P = set of density components in phase £ in equilibrium
with phase o

i = dimensionless density of component i, fi; = nyvg

N; = total number of species i particles in the system

P = pressure tensor

Py = component of pressure tensor normal to interface

Py(n) = pressure of homogeneous fluid in density state n
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r = position in the fluid

Ty = range of intermolecular force between i and j

s = distance between interacting pairs

s’ = distance between interacting pairs

t = time ¢

T = absolute temperature

T, = critical point

uf = external potential energy on species i

Uy = characteristic interaction energy between i and §

v = local mass average velocity

ym = local molar velocity

v = molecular volume parameter of species i

R = molecular volume of reference system

Uy = velocity in direction x

Vf = approximation to the microstructure potential of
species in ionic fluid

\7] = microstructure potential of species i

w = characteristic energy parameter of binary regular
solution

x = position variable in one-dimensional problem

X = component of r in direction k

F# = valence of species

Greek Letters

ony = correction to the density due to inhomogenity

Aw(p) = function of binary regular solution compoesition

€%(n) = dielectric constant of homogeneous fluid in density
state n

A = Lagrange multiplier for constant system volume

A(n) = viscosity coefficient of homogeneous fluid in density
state n

4y = chemical potential of species i

ui(n) = chemical potential of species j in homogeneous fluid
in density state o

pin) = viscosity coefficient of homogeneous fluid in density
state n

v = number of system species

£ = dimensionless position variable

o = local mass density

T = local viscosity stress tensor

¢4 = mole fraction of species i

¢ = composition of species i in phase « of binary regular
solution in equilibrium with phase 8
g = composition of species i in phase 3 of binary regular

solution in equilibrium with phase «

1" = local voltage

Q = equilibrium grand potential
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